Introduction.
Let/(x, y, y') satisfy the following conditions: (0 f(x> y> y') is continuous on the slab S = {(x,y,y')\a < x <b, \ y\ + \ y'\ < + ■»},
(ii) for any y\ and y2 and any a<x\<x2<b the boundary value problem y(xi) = yi, y(xi) = y2
has a solution which extends throughout (a, b) and any two solutions which agree at two distinct points are identical throughout (a, b), and (iii) solutions of initial value problems for (1) are unique.
In a paper in 1949 with these assumptions Peixoto [l ] stated the following theorem.
Theorem 1. Jf^GC(!)(«, &)< then<t>"(x) ^f(x, ct>(x), <f>'(x)) on (a, b)
is a necessary and sufficient condition for <j> to be a subfunction on (a, b) with respect to solutions of (1).
The proof of the sufficiency of the differential inequality is based on [l, Lemma 1, p. 565] but the proof of the lemma does not appear to be correct. After some preliminary results in §1, we give in §2 a proof of Theorem 1 by a quite different method. Also in §2 a modification of Theorem 1 is given in which the assumption of the solvability of the boundary value problem is replaced by a monotoneity condition. = f(x, y, y') for <f>(x) g y ^ t(x), = f{x, *(*), y') -(0(*) -y)m for y < <*>(*).
The function F(x, y, y') is continuous for c^x^d, \y\ +\y'\ < + °°a nd | /""(a;, y, y') \ ?kh-\-\y\lli where We conclude that 0 is a subfunction on (a, b).
From the proof as given it is clear that it would have sufficed to assume that the solution of the initial value problem for (1) is unique on the right at every point or that it is unique on the left at every point.
Theorem
2. Assume f{x, y, y') is continuous for a ^x^b, \y\ +|/| < + °° ,/(x, y, y') is nondeceasing as a function of y for each fixed x and y', and the initial value problem for y" =/(x, y, y') has a unique solution. Then, if 0GC(2)(a, b), a necessary and sufficient condition that <j> be a subfunction on (a, b) is that 0"3?/(x, 0, 0') on (a, b).
Proof. The proof of the necessity of the differential inequality is the same as in Theorem 1 and the references listed there still apply.
Assume that 0EC (2) Again it suffices to have uniqueness of the initial value problem on the right or uniqueness on the left.
